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1. TOM TAT NOI DUNG LUAN AN

Luan an gidi thieu mot s ham khoang cach mdi duge xay dyng tit cac trung
binh ma tran va xem xét bai toan tong binh phuong bé nhat tuong ting véi
cac ham khoang cdch mdi nay. Hon nita, mot s6 phuong trinh ma tran chita
trung binh nhan c6 trong s6 dang AfB v6i 1 < t < 2 cling duge xem xét
theo sau:

X = M (XtA)M,,
=1

X' =" M (XyA)M;, véis>t—1,1<t<2,

=1

X*=A+> M/ (XB)M; véis>01<t<2

9. NHUNG KET QUA MGI CUA LUAN AN

a) Luan an thiét 1ap ham khoang cach méi ®,(X,Y) va giai bai
toan tong binh phuong bé nhit tuong tng. Ham khoang céch
®,(X,Y) thda man dicu kién ctia bat dang thiic xit Iy dit lieu trong ly
thuyét thong tin lugng ti. Hon nita, luan an chitng minh ham khodng
cach nay théa man tinh chat diém gitta v6i trung binh ma tran mi p,
p(t, X,Y) i= (tXP + (1 —t)YP)V/P,

b) Vé6i phuong trinh ma tran lien quan dén trung binh nhan c6 trong sb
XY, t € (1,2), luan an ching minh khoang cach Thompson giwa

cac nghiém khéng vudt qua mot hing sé. Hon nita, luan an nghien



citu trung binh nhan cé trong s6 X4,Y v6i 1 < ¢t < 2 dé thiét 1ap ham
khoang cach Hellinger méi ®,(X,Y), giai bai toan tong binh
phuong bé nhat tuwong ng va dong thoi chitng minh ham khoang
cach nay ciing thoa man diéu kién ctia bat dang thic xit 1y dit lieu trong
ly thuyét thong tin hugng t1i.

c) Luan an gidi thiéu 16p cac ham khoang cach méi ¢,,(X,Y) sinh
b&i bat ding thic don diéu. Bai toan nguge cho hé phuong trinh
ma tran lien quan dén ham khodng cach nay ciing dudc xem xét. T do,
luan an dat dugc sy mo ta vé ham vét ma tran thong qua ham khodng
cach méi nay.

d) Luan an ching minh duge cac phuong trinh ma tran sau:

X0 =" M (XqA)M; v6is>t—11<t<2
=1

X*= A+ M (XtB)M; véis>01<t<2
=1

c¢6 nghiém trén P,.

3. CAC UNG DUNG/KHA NANG UNG DUNG TRONG THUC
TIEN HAY NHUNG VAN DE CON BO NGO CAN TIEP TUC
NGHIEN CcUU

a) Xay dung cac ham khodng cach dua trén trung binh Kubo-Ando mé

rong

T + (X—1/2Y)(—1/2
2

1/t
t
P(t,X,Y):X1/2< )) X% v6i ¢t > 0.

b) Thiét lap mot khoang cach dy(X,Y) trén P, sao cho

lim dy(X,Y) = [log X —log ¥ |5 lim dy(X,Y) = |[X = Y]
s—1—

s—07t
Xem xét bai toan tong binh phuong bé nhat véi d,(X,Y) va bai toan
tong binh phuong bé nhét trong trusng hop s — 0 va s — 1.

¢) Xem xét phuong trinh ma tran lién quan dén trung binh Kubo-Ando ¢6

dang X =S wi(X'oA;) véi s> 0.
i=1

2
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1. SUMMARY

We focus on establishing new quantum divergences from matrix means and
consider the least squares problem corresponding to these quantum diver-
gences. Furthermore, we study some matrix equations containing the weighted
geometric mean of the form Af;B as follows:

m

X = M;(Xt,A)M;,

i=1

X* =" M (X4 A)M;, fors>t—11<t<2,

i=1

X*=A+> M/ (XB)M;, fors>01<t<2.

i=1

2. NOVELTY OF THESIS

a) The new quantum divergence ®;(X,Y) and least square prob-
lems with respect to this divergence are considered. The new
quantum divergence ®;(X,Y") satisfies the data processing inequality in
quantum information theory. In addition, matrix p-power mean
pp(t, A, B) == (tAP + (1 — t) B?)Y/P satisfies the in-betweenness property

with respect to the new divergence.

b) With the matrix equation involving the matrix geometric mean Af,B

for ¢ € (1,2), We prove that the Thompson distance between the



solutions do not exceed contants. We also use the weighted geo-
metric mean Af; B to define a new quantum Hellinger divergence
and least square problems with respect to this divergence are
considered. The new Hellinger quantum divergence satisfies the Data

Processing Inequality.

c¢) The new class of quantum divergences generated by mono-
tonicity inequality is introduced. We also consider some related
inverse problems for matrix means. As a consequence, we obtain some
new characterizations of the trace property via this new quantum diver-

gence.

d) We investigate several well-known matrix equations involving the ex-

tended weighted geometric mean by following:

X*=>" M{(XgA)M;, fors>t—11<t<2
=1

X*=A+Y M} (XyB)M;, fors>01<t<2.
=1

3. APPLICATIONS/ APPLICABILITY/ PERSPECTIVE

a) We construct new quantum divergences based on Kubo-Ando power

means

[+ (X7 1Py X2
2

1/t
P(t,X,Y):X1/2< ) X2 for t>0.

b) We construct a new distance dy(X,Y) on P, such that

lim dy(X,Y) = |log X —logY || :=dr(X,Y),

s—0+

lim dy(X,Y) = | X — V]|, = dp(X, V).

s—1—

We also consider the least square problem with dy(X,Y") and in the least

square problem in the limit case when s — 0 and s — 1.
c) We consider the matrix Kubo-Ando equation by following

X°® = Zwi(X_laAi) for s> 0.

=1
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